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Numerical Study of Nozzle Exit Condition Effects
on Jet Development
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Numerical predictions of the in� uence of nozzle exit conditions on the development of an ideally expanded
supersonic rectangular jet are performed. The effects of these conditions on the jet’s development have been found
to be signi� cant in experimental investigations. A model for the initial conditions is developed. A higher-order
accurate � nite difference algorithm for the solution of the full three-dimensional Navier–Stokes equations is used
to generate results that isolate the impacts of excitation amplitude, modal excitation, and corner vortices on the
jet character. Time-averaged, cross-correlation, and cross-spectral data are gathered from the simulation and
compared to experimental data. The results indicate that, over the range of operating conditions considered here,
the excitation amplitude does not signi� cantly alter the jet development. The corner vortices, although prescribed
in a sense that shouldanticipate axis switching (as determined by experimental subsonic results), are found to delay
it. This appears to be caused by the dominance of � ow instabilities in supersonic jets and the observed tendency of
the corner vortices to reduce the mixing associated with this instability. Finally, independent of modal excitation,
the lowest-order modes (of the large-scale turbulence structure) are found to consist of a combination of � apping
in the minor axis plane with varicose motion in the major axis plane.

I. Introduction

E XPERIMENTAL, theoretical, and numerical investigationsof
high-speedjet � ows havebeenundertakenbymany researchers

over the past 50 years. Motivated primarily by the development of
the jet engine, these investigations have focused on improving our
physical understanding of jet � ows and the noise that they radi-
ate with the ultimate goal of reducing the jet’s annoyance. Recent
changes in the FederalAviation Administration’s noise certi� cation
standards,1 coupled with a national interest in the development of
a high-speed civil transport, have compelled many researchers to
revisit the jet noise problem and to develop prediction tools further.

Currently, there are three jet noise prediction strategies that have
received the most attention:acoustic analogy methods,2– 4 instabil-
ity wave methods,5– 8 and direct simulation (DS) methods.9– 11 In
the acoustic analogy approach, the governing equations are recast
into the form of an inhomogeneous wave equation, where the in-
dependent variable to which the wave operator is applied is some
acoustic quantity and the forcing function can be interpreted as the
noise sourcesof the � ow. Instabilitywave methodsare basedon am-
ple experimental evidence that it is the growth and decay of large,
coherent turbulent structures in the shear layer that are the most
ef� cient noise generators in high-speed jets.12– 14 These structures
are modeled as instabilitywaves, whose development is determined
by a speci� ed mean � ow. A proper mathematical approach shows
that under certainconditions,these instabilitywaves radiate noise to
the far � eld. Both the acousticanalogyand instabilitywave methods
have their merits. They have signi� cantly improved our understand-
ing of jet noise and have provided scaling laws that have in� uenced
aircraftenginedesign.However, their dependenceon empiricaldata
(the forcingfunctionin theacousticanalogyand themean � ow in the
instability wave methods) reduces their effectiveness as predictive
tools.

With the advent of parallel processors and the promise of ter-
a� op performance, the DS strategy is becoming more attractive.
This approach requires the time-dependent numerical solution of
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the equations that govern both the � ow and the acoustic � eld. Un-
like the direct numericalsimulationof turbulence,DS in the context
of computational aeroacoustics problems for high-speed jets does
notnecessarilyincorporatethe resolutionof all scalesof the � ow nor
the direct simulation of the entire domain of interest, i.e., the acous-
tic far � eld. Instead, some assumptions can be made to simplify the
problem.Because there is evidence that it is the large-scalecoherent
structures that are responsiblefor supersonicjet noise (a conclusion
that is strengthenedby the success of the instabilitywave methods),
it appears reasonable to require that only these large scales be re-
solved by the grid. The effect of the small scales on the resolved
scales is either accounted for through a subgrid-scale (SGS) turbu-
lence model or is not addressedexplicitlyand is left to the numerical
schemes’ arti� cial dissipation to provide. The DS problem can be
simpli� ed further by reducing the size of the computationaldomain
with the use of a Kirchhoff method.15 ;16 The method consists of
de� ning a surfacewithin the computationaldomain that enclosesthe
noise sources and does not intersect nonlinear � ow regions. Given
the time-dependent solution on this surface, the acoustic radiation
can be determinedat any locationoutsideof the surface.Combined,
the reducedresolutionand computationaldomain size requirements
relaxes the computing power needed for DS signi� cantly.

The jet noise problem, however, introduces additional complex-
ities. Even with the computational power available today, it is im-
practical to simulate the entire jet system (starting at, for example, a
plenum chamber or combustor). Instead, a more feasible approach
consistsof con� ning the computationaldomain to a truncatedregion
outside of the nozzle and modeling the � ow that enters this domain
from the nozzle exit. However, the characteristics of this modeled
unsteady exit � ow can have a signi� cant effect on the jet � ow that
develops.

The effect of the initial conditions on experimental and numeri-
cally simulated jets have been studied by many investigators.17 – 24

Hussainand Husain17 found experimentallythat the developmentof
the subsonic jet depends on the nozzle boundary-layermomentum
thickness distribution. The azimuthal variation has been shown by
them to produce noticeable effects on the spreading rate of elliptic
jets. These effects are the result of the in� uence of the momen-
tum thicknesson the generationof coherent structures.King et al.21

found that nozzle imperfectionsas small as 0.2% of the nozzle exit
diameter may have a signi� cant effect on the development of su-
personic axisymmetric jets. They used this information to develop
methods of enhancing jet mixing. Quinn23 found that facility differ-
ences resulted in changes in the spreading rate of two subsonic jets
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operating under essentially the same � ow conditions and geometry.
Experimental evidence also indicates that vortices exist at each of
the corners of asymmetric nozzles.18 ;22 ;24 They are caused by az-
imuthal pressure gradients that form inside the nozzle as a result of
varying � ow accelerations along the different walls of the nozzle.
These gradients skew the boundary layer and cause vortices to roll
up in the corners.25 They have been found to play a signi� cant role
in the axis switching phenomenon found in asymmetric jets.

This experimental evidence suggests that apparently minor dif-
ferencesin laboratoryfacilitiescan have an appreciableeffect on the
development of a jet. These effects can be observed in the form of
varying potential core lengths, turbulence levels, and jet spreading
rates. To compound this problem, the nozzle exit conditions of ve-
locity and temperatureof rectangularjets of engineeringinterest are
too severe for today’s measurement techniques to de� ne precisely.
This uncertainty, coupled with the numerical solution’s sensitivity
to the nozzle exit conditions,has lead us to develop a model for this
� ow and to study the effects of different initial features on the jet
development. The basic numerical model and the evaluation of its
predictive capability are reported in Ref. 26. This paper focuses on
the results of evaluating the jet nozzle exit conditions in� uence on
the developing jet.

The model is used in a high-resolutionNavier–Stokescode to pre-
dict the ideally expanded cold supersonic � ow issuing from a rect-
angular nozzle. The � ow conditions (Mjet D 1:54, Rejet D 25;000)
and nozzle geometry (aspect ratio of 3) have been selected to match
those of a parallel experimental investigation that has recently con-
cluded at Pennsylvania State University.27 Detailed information on
the experimental setup, as well as experimental results, has been
provided.

In our model, we rely on the numerical dissipation to behave like
an SGS model. We did not perform a spectral analysis of the small-
scale � ow features, and so it is uncertain whether or not we are
faithfully representing the turbulence. This should be kept in mind
when interpreting the results. However, a comparison between the
dissipation used in our model to the dissipation supplied by the
Smagorinsky SGS model reveals that they behave similarly.26

The next section presentsan overviewof the numericalapproach.
This is followed by a detaileddiscussionof the nozzleexit boundary
conditions. Next, jet simulation results obtained using these condi-
tions are presented for a variety of cases designed to isolate the
effect of each characteristicof the model. Whenever possible, com-
parisonsare made with the correspondingexperiment.Finally, some
conclusions are drawn.

II. Overview of Numerical Approach
In this section, all pertinent aspects of the numerical approach

except the nozzle exit boundary conditionsare summarized.Details
of the algorithm can be found in Ref. 26.

A supersonicrectangularjet � ow is a nonlinear,viscous,unsteady,
compressible, three-dimensional problem. As such, it is governed
the full three-dimensional Navier–Stokes equations. These equa-
tions are solved in a time-accurate manner on a curvilinear coordi-
nate system using high-order accurate � nite difference approxima-
tions. The large-scale turbulent structures are resolved by the grid,
whereastheeffectof the small scalesis accountedfor throughthenu-
mericaldissipation.Thus, no turbulencemodel is used.The codehas
been written in CM Fortran, which is a dialect of High Performance
Fortran (HPF). It has been developed on the Thinking Machines
CM-5 and has achieved very good parallel performance. Porting it
to any computerwith an HPF compiler(such as an IBM SP2, Silicon
Graphics O2000, or Cray T3E) should be straightforward.

The numerical solution is advanced in time using a fourth-order
accurate Runge–Kutta technique. This provides a high-order accu-
rate time-integration scheme and requires no special startup treat-
ment. It also has the advantage of a relaxed Courant–Friedrichs–

Lewy (CFL) limit. A sixth-order accurate � nite difference method
is used to evaluate the spatial derivativesat the interior mesh points
to minimize signi� cant dissipation and dispersion errors to the re-
solved scales. This scheme requires a seven-point stencil, and spe-
cial treatment at the � rst and last three grid points of the domain
is necessary. In agreement with the work of Carpenter et al.,28 it
was found that an unstable scheme is produced if sixth-order accu-

Fig. 1 Locations in the major axis plane where second-order dissipa-
tion is applied.

rate biased stencils are used at these boundary points. The scheme
becomes stable if the � rst two grid points employ third-order accu-
rate approximations,whereas fourth-order accurate approximation
is used at the third grid point. The same pattern is used for the last
three grid points.

A combination of second- and sixth-order dissipation is used to
stabilize the scheme. The sixth-order dissipation serves as a back-
ground � lter, whereas the second-order dissipation is applied only
in regions containing signi� cant gradients. Figure 1 is a scatter plot
of the locations where the second-orderdissipationis turned on in a
plane that passes through the jet centerline for a typical calculation.
These locations are found to be con� ned to the jet shear layer in the
potential core region. These locations are roughly the same region
where an SGS model would be activated.

The nonre� ecting boundary conditionsproposed by Thompson29

are implemented to minimize nonphysical re� ections at the far-
� eld boundaries. The primitive form of these equations are used.
The method decomposes the nonlinear Euler equations into wave
modes of de� nite velocityand enforcesa nonre� ectingconditionfor
those modes that have a velocity directed into the domain. The per-
formance of these conditions is augmented in this work by stretch-
ing the grid slightly and providingsecond-orderdissipationnear the
boundaries.This approachhas provenquite effectivein reducingthe
amplitude of re� ected waves, as also shown in other studies.10 The
downstream exit plane is located 30Deq away from the nozzle exit.
We found that this distance allows the natural and arti� cially im-
posed decay mechanismsof the instabilitiesto reduce the instability
amplitudes to levels that can be handled by the boundary conditions
with little re� ection. Moving the out� ow boundary farther down-
stream had little effect on the instability wave growth and decay.

III. Nozzle Exit Boundary Conditions
The computational domain begins at the nozzle exit. Thus, the

nozzle exit conditions are prescribed at the plane in which the � ow
leaves the nozzle. The remainder of the jet exit plane is treated as a
solidwall.We, therefore,avoidthe possibilityof excitingthe jetwith
far-� eld boundary conditions that are not accurate near the jet. This
is done at the expense of modifying ambient � uid entrainment. To
some degree, however, this more closely reproduces the conditions
of the experiment we attempt to simulate, which was conducted
inside a small anechoic chamber. The nozzle exit plane was located
5–10 equivalent diameters away from the chamber wall.

A complete prescription of the nozzle exit conditions requires
the speci� cation of both steady and unsteady spatial and temporal
characteristics.They are describedin the followingtwo subsections.

A. Steady Nozzle Conditions
The steady-state nozzle exit conditions are prescribed following

the experimental data.27 These data indicate that viscous effects are
con� ned to locations very close to the nozzle wall. Thus, the simu-
lated jets use uniform pro� les for density, axial velocity, and pres-
sure. Numerically, enforcing tophat pro� les may lead to a numeri-
cally induced instability. However, these pro� les make up only the
steady component. The instantaneously prescribed condition con-
sists of contributionsfrom both the steadyand unsteadymodels.The
unsteady contribution has a smooth spatial distribution, which de-
creases the impact of the sharp steady pro� le. This has been veri� ed
by examinationof frequency spectra at small distances downstream



988 CHYCZEWSKI, LONG, AND MORRIS

of the nozzle exit. Clearly, these pro� les also do not account for
possible azimuthal momentum thickness variations that may exist
around the nozzle lip. The absence of experimental data compels
this simpli� cation.

Because the nozzle exit � ow is supersonic, characteristic theory
requires that all � ve independent variables be speci� ed. The two
remaining variables are the components of velocity parallel to the
nozzle exit plane. A pitot probe aligned with the jet axis was used
by the experimentalists to determine the exit Mach number. This
measures only the axial component of the velocity. Whether or not
cross� ow velocities exist in the experimental jet or their magnitude
is unknown. Two possibilities for the behavior of the cross� ow ve-
locities are considered in our model. One is to simply set them to
zero and have a purely axial initial mean � ow. The other possibility
is to specify these variables such that they are consistent with the
velocity induced by vortices located near the corners of the nozzle.
Both possibilities are considered.

In the cornervortex cases, the cross� ow velocitiesare determined
by calculating the velocity induced by the superposition of four
ideal vortices, one near each corner of the nozzle cross section.The
sense of each vortex in the model is chosen such that axis switching
should be promoted (based on the results of Zaman24). In this case,
the counter-rotating vortex pairs on opposite sides of the minor
axis plane will tend to inject ambient � uid through the short sides
of the cross section and to expel jet � ow through the long sides.
Vortices with the same sense as these were generated in Zaman’s
experiment24 by placing delta tabs on the short dimension of the
nozzle walls at the exit. The magnitude of the vorticity is speci� ed
here such that the maximum cross� ow speed is equal to 1=10th of
the axial velocity.

B. Unsteady Nozzle Conditions
There is a very limited amount of informationavailable in the lit-

erature that discusses the unsteady features of a supersonic nozzle
exit � ow. This lack of published information has been overcome in
the current research by a close interaction with the experimental-
ists who conducted the laboratory tests of the rectangular jet. This
interaction has lead to the development of a set of unsteady noz-
zle exit conditions that specify the disturbance spatial distribution,
amplitude, temporal behavior, and phase relation around the nozzle
lip. By controlling the phase relation, different modes (� apping or
varicose) can be excited at the nozzle exit. This is similar to the
arti� cial excitation used by many experimentalists.27;30¡33

The velocity perturbations are calculated from the following
relation:

u0; v0; or w0 D
u j

2
®

4

i D 1

ci Ai

2

l D 1

sin 2¼ fl t C Án
l C ¯i .1/

These terms are de� ned in the following sections.

1. Temporal Behavior
The inner summation in Eq. (1) is over contributions from two

characteristic frequencies. These two frequencies are the screech
tone frequencies found in the minor axis plane of the experimen-
tal jet.27 These frequencies can also be determined using the linear
shock cell model and weakest link theory developed by Tam.34 For
our problem, they are f1 D 9606 Hz and f2 D 26;367 Hz. The
corresponding Strouhal numbers are 0.31 and 0.84, respectively.
The Strouhal number is de� ned here as the frequency nondimen-
sionalized by the exit velocity and the equivalent diameter of the
experimental jet.

A randomcomponentto theexcitationis suppliedbyÁn
l in Eq. (1).

It is initializedto zero at the beginningof each run. It is then updated
at each time step n by the following expression:

Án
l D Án ¡ 1

l § µ .2/

The amplitudeof thephaseshiftbetweentime stepsµ is 5.4 deg.This
valuewas found to give the favorablecharacteristicsto be described.
Whether the phase is increased or decreased by µ is determined in
a random manner and may differ between Án

1 and Án
2 . Thus, the

contributionsof the two characteristicfrequenciesare generally not
in phase.

The effect of supplying a random phase shift, called a random
walk,35 is to make the frequency spectrum broadband, as opposed
to the discretespectrumassociatedwith simple harmonicexcitation.
The bandof energy-containingfrequenciesis controlledby µ and the
two characteristicfrequencies f1 and f2 . The valueof µ is selectedso
that the upper limit of the energy-containingfrequenciesoccursnear
the limit frequencythat the scheme and the grid can resolve.26 Thus,
a minimal amount of the energy suppliedby the boundarycondition
is damped by the numerical scheme. In contrast, if a purely random
excitation is used, much of the energy content would be above the
limit frequency and, consequently, much of the input perturbation
would be damped.

2. Spatial Distribution
The perturbationon the entirenozzlelip is determinedby building

it up from the contributionsof the four walls. This is done in Eq. (1)
by the outer summation. Ai is the spatial amplitude function for
each of the walls. Indices 1 and 3 refer to the long walls (contained
in the major axis plane), whereas indices 2 and 4 refer to the short
walls (containedin theminoraxis plane). The amplitudedistribution
normal to the nozzle wall is a Gaussian function centered on the
lip line of each wall. The half-width of the Gaussian is 1=10th of
the short dimension of the nozzle. The function is tapered to zero
amplitude near the corners of the nozzle. This spatial function is
selected inasmuch as a Gaussian is a representativedistribution for
wall bounded shear layer perturbations (see Ref. 27, for example).

3. Mode Excitation
Two different modal excitations are considered in our model.

These are the varicose and � apping modes that have been found in
the experiment.27 The varicose mode is characterizedby symmetric
shedding of coherent structures from the nozzle lip, whereas the
vortex shedding is asymmetric for the � apping jet case. These dif-
ferent modes are excited in the jet by controlling phase differences
between the walls of the nozzle. The phase difference is controlled
by the angle ¯i in Eq. (1). Whether or not there is a velocity compo-
nent contribution to the perturbation from a wall is determined by
the parameter ci . The values of these two parameters for each of the
velocity components is given for the varicose excitation as

u0: c1 ¡ 4 D 1; ¯1 ¡ 4 D 0

v0: c1;3 D 1; c2;4 D 0; ¯1 D ¼=2

¯2;4 D 0; ¯3 D ¡.¼=2/

w0: c1;3 D 0; c2;4 D 1; ¯1;3 D 0;

¯2 D ¡.¼=2/; ¯4 D ¼=2

and for the � apping excitation as

u 0: c1;3 D 1; c2;4 D 0; ¯1;2;4 D 0; ¯3 D ¼

v0: c1;3 D 1; c2;4 D 0; ¯1 D ¼=2

¯2;4 D 0; ¯3 D ¼=2

w0: c1 ¡ 4 D 0; ¯1 ¡ 4 D 0

The coordinate system is shown in Fig. 2. The major axis plane is
alignedwith the z axis, and .u; v; w/ are the x , y, and z components
of velocity, respectively.

Fig. 2 Three-dimensional view of the grid (256 £ 64 £ 64).
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The � nal parameter in Eq. (1) to be de� ned is ®. It speci� es the
peak amplitude of the velocity perturbation. Two values (0.01 and
0.02) have been used to compare its effect on the jet’s development.
These values correspond to rms � uctuation levels near 0.70 and
1.36% of the exit velocity, respectively.The rms levels vary slightly
from run to run due to the random nature of the excitation.

The instantaneous velocities are obtained by adding the steady
contributionto the perturbation.Given these velocities, the pressure
and density are found from conditionsof constant total temperature
and entropy.The � rst condition has been found to be reasonable for
a jet � ow under these conditions by Troutt and McLaughlin.13 The
assumptionof isentropicexcitation is justi� ed because these pertur-
bations most likely originated from acoustic disturbancesupstream
of the nozzle exit.

A testmatrixof combinationsof theoptionsjustdiscussedis given
as case 1: cornervortices, varicoseexcitation,and ® D 0:01; case 2:
corner vortices, varicoseexcitation,and ® D 0:02; case 3: no corner
vortices, varicose excitation, and ® D 0:02; and case 4: no corner
vortices, � apping excitation,and ® D 0:02. These combinationsare
selected to isolate the effects of each of the features of the nozzle
conditions.

IV. Results
The supersonic rectangularjet � ow� elds predictedby the numer-

ical scheme are presented in this section.The effects of the different
nozzle exit conditions are analyzed, and a detailed comparison is
made with experimental data taken by Kinzie.27 The comparisons
include time-averaged and unsteady quantities. The grid used in
these calculations is shown in Fig. 2. It consists of 256 points in
the axial direction and 64 points in each of the lateral directions.
The out� ow plane is 30Deq from the nozzle exit plane. The lateral
boundaries are 4Deq from the jet centerline and spread to 10Deq by
the out� ow plane.

A. Data Collection
Based on the conclusions drawn from a Fourier stability analy-

sis,26 the maximum CFL number in the domain is limited to 0.6.
This occurs near the nozzle exit just outside of the jet. The CFL
numbers in the jet shear layer and jet core are 0.55 and 0.16, respec-
tively. These CFL numbers correspond to a constant time step of
3:0 £ 10¡7 s (based on the 13.8-mm equivalent diameter and
343.0-m/s ambient acoustic speed found in Ref. 27).

A complete run is made up of two phases.Because the initial con-
dition of the simulation is a quiescent � uid, one phase is required
to allow initial transients to leave the domain and to establish the
jet. A suf� cient number of steps for this phase is estimated by con-
sidering the number of cycles a low-frequencywave can achieve in
this period. Running the code for 33,000 steps, using the time step
given earlier, corresponds to 0.01 s of time. In terms of cycles of
the lower frequencies, this amount of time allows a signal with a
wavelength of one equivalent jet diameter to reach an axial location
of 20Deq and pass through 225 cycles. The solution is checked at
this time to verify that all transients have left the domain and that
the jet appears established.

The second phase is to sample variables in the major and minor
axis planes that pass through the jet centerline.These data are used
to determine time-average quantities and the cross-spectral infor-
mation presented here. A sample over 32,768 time steps is used.
This number of steps (an integer power of 2 for Fourier analysis
purposes) allows 31 cycles of a Strouhal number 0.1 disturbance to
pass throughany given location.The analysispresented in Coleman
and Steele36 was used to estimate the errors associated with cal-
culating the mean of a stochastic variable from a � nite sample of
that variable. For our analysis, we calculate the error estimate of
the mass � ux along a line parallel to the jet axis that orginates at
the midpoint of one of the major lip lines. The results are plotted in
Fig. 3. Clearly, the errors associatedwith the � nite sample are quite
small for all of the axial stations presented here. We assume similar
trends for the other time-averaged variables.

B. Time-Average Results
Figure 4 shows the centerline velocity distribution for cases 1–4

and compares them to the experimentaldata. The simulation results

Fig. 3 Axial variation of the uncertainty in the mean value of the mass
� ux.

a)

b)
Fig. 4 Centerline velocity distributions for cases 1– 4.

are shifted¡2Deq for cases1–3 to match the potentialcore lengthof
the experiment(case 4 requiresno shift). This shift is applied so that
the decay rates of the centerline velocity can be compared directly
and is used for all comparisons with experimental data presented
throughout (for cases 1–3 only).

The two simulation pro� les shown in Fig. 4a isolate the effect of
different nozzle perturbation amplitudes. There are no clearly dis-
tinguishingfeaturesbetween thesepro� les. This is most likely asso-
ciated with the zero momentum thickness pro� le that is prescribed
at the nozzle exit, which will lead to a very high-instabilitygrowth
rate independentof excitationamplitude.The comparisonsbetween
the simulations and experiments after the end of the potential core
show that the simulation overpredicts the turbulent mixing slightly
for both nozzle conditions inasmuch as their centerline velocities
decay at a faster rate.

The turbulent mixing is even more rapid in cases 3 and 4, which
have nearly identical decay rates as shown in Fig. 4b. Comparing
the two cases with corner vortices (Fig. 4a) to the two cases without
corner vortices (Fig. 4b), the centerline pro� les suggest that the
corner vortices are reducing the mixing in the turbulent jet.

One of the distinguishingfeatures between cases 3 and 4, where
the difference is in the modal excitationof the nozzle exit, is that the
� apping excitationcase 4 has noticeableoscillationsin the potential
core region.These oscillations,alsopresentin theexperimentaldata,
are due to a weak shock cell structure. They are also present to a
lesser degree in the case 3 pro� les and virtually absent in cases 1
and 2. In the experimental jet, this structure most likely originates
in the throat of the nozzle as a result of an imperfect nozzle design.

Recall that the static pressure prescribed by the steady nozzle
exit conditions is set to the ambient pressure for all of the cases;
however, superimposed on this steady condition are perturbations.
These perturbations are likely responsible for the weak shock cell
structure found in the simulated jet. Why the � apping mode ex-
citation produces a stronger shock cell structure is not understood;
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a)

b)
Fig. 5 Velocity half-thicknesses for cases 1– 4.

however,it is interestingto note that the simulationreproducesfairly
accurately the amplitude, wavelength, and phase of the shock cell
structure (given the limited resolution of the experimental data).

Figure 5 shows the velocity half-thicknesses of the jet in the
major and minor axis planes for the four nozzle exit conditions and
compares them to the experimentaldata.This thicknessis de� ned as
the lateral distance (in the major or minor axis planes) from the jet
centerline to the point in the pro� le where the velocity is reduced to
half the local centerline velocity. Considering, � rst, the major axis
thicknesses, the comparison for all of the simulation cases with the
experiment is quite good.

The effect of the cornervortices is most pronouncedin cases1 and
2, where there is a noticeabledecrease in the velocityhalf-thickness
early in the jet development. Recall that the sense of the vortices
in the model is chosen to anticipate an axis switch. Thus, in terms
of the half-thicknessparameter, the vortices should reduce the half-
thickness in the major axis plane and cause a higher growth rate of
the half-thickness in the minor axis plane. This effect is observed
in the major axis. It appears to be more pronouncedfor case 1, where
the initial amplitude of the perturbationsat the nozzle exit is lower.

The initial reduction of the major axis half-thickness is not ob-
served in Fig. 5b, which shows the cases where the corner vortices
have been turned off. The comparison with the experimental data
is improved for these cases, suggesting the absence or weakness of
the nozzle exit corner vortices in the experiments.

As for the half-thickness parameter in the minor axis plane, the
simulation underpredicts the growth rate early in the jet develop-
ment. This is even true when the cornervortices are included,which
should increase the minor axis half-thickness growth rate. Similar
to the major axis plane, the corner vortices are expected to have a
more pronounced effect early in the jet’s development. Instead, for
the minor axis, their effect is not observed until after the end of the
potential core and, in fact, slightly reduces the growth rate in the
minor axis plane.

The jet growth rate in the minor axis plane is larger for the simu-
lated jet compared to the experimental results in all cases at larger
distances from the nozzle exit. We suspect that this is because the
growth of the experimental jet was inhibited by the proximity of
the facility walls to the jet centerline (20Deq) and because the jet
exhausts the anechoic chamber through a diffuser.

Because, early in the jet development, the major axis thickness
growth is less than that of the minor axis and is fairly independent
of the nozzle exit conditions, the growth rate of the minor axis
half-thickness has a more signi� cant role in � xing the axis switch
location. Recall that the axis switch location is the axial station
where the half-thickness in the minor axis plane equals that in the
major axis. A comparison of the growth rates for all of the cases
reveals that the modal excitation can be as in� uential as the corner

vortices in the determination of the axis switch location. In fact,
speci� cation of these vortices in the sense suggestedby Zaman24 to
anticipate axis switching actually delays it by about 0:5Deq .

This inconsistent behavior is likely due to the difference in con-
ditions between Zaman’s experiment,24 which focused on subsonic
rectangular jets, and the simulations presented here. Although Za-
man postulates that the effect of the delta tabs is the same for su-
personic jets as it is for subsonic ones, the evidence providedby the
simulations suggests that, for supersonic jets, the � ow instability
effects dominate the dynamics of the � ow in the minor axis plane,
thus reducing the effectiveness of the corner vortices. In addition,
the simulations indicate that, for supersonic jets, the effect of the
corner vortices is to reduce mixing in the minor axis plane (based on
Fig. 5) and, consequently, delay the axis switch. Other factors that
may contribute to the discrepancy between our results and those of
Zaman24 include the strengthof the vorticesand the amplitudeof the
modal excitationprescribedby the boundaryconditions.The coher-
ence of the excitationmay also play a role in making the instability
a very ef� cient mixing mechanism.

The observationsmade here of the axis switch location’s depen-
dence on the mixing in the minor axis plane is consistent with the
work of Krothapalli et al.,37 who compared the mixing of various
supersonic jets with different pressure ratios. They found that the
pressure ratio signi� cantly in� uences the mixing in the minor axis
plane and can have a signi� cant effect on the location of an axis
switch. These observations were attributed to the effect of shock
cells on the jet instability.Similar observationswere made by Gut-
mark et al.38 In general, these shock cells also lead to a screech
mechanism, which will make the ring vortices emanating from the
nozzle more organized and effective at causing and axis switch (ac-
cording to the !µ dynamics analysis of Zaman24). The jet simu-
lations in this paper excited by a � apping mode do show a shock
cell structure, but it is much weaker than the one found in Ref. 37.
The presence of screech in the experimental data and its absence in
the simulation most likely account for the earlier axis switch in the
experiment compared to the no corner vortex simulation case.

C. Eddy Convection Speed
The results of an instability wave analysis suggest that the speed

at which large-scale structures travel in the jet shear layer has a sig-
ni� cant impact on the noise radiationef� ciency of these structures.8

This section presents the convection speeds predicted by the simu-
lation and compares them to the experimental data.

At a particular location, the eddy convection speed can be de-
termined by cross correlating the axial component of the mass � ux
between different axial locations. The cross correlation is de� ned
as

Rab.x; 1; ¿ / D
1

t2 ¡ t1

t2

t1

Va.x; t/Vb.x C 1; t C ¿ / dt .3/

where, for our purposes, Va and Vb are de� ned as ½u.
The delay time at which the cross correlation becomes maxi-

mum for a given 1 can be interpreted as the time required by an
eddy to travel from x to x C 1. Thus, the convection speed can be
determined by dividing the spatial separation by ¿Rmax . The eddy
convection speeds, normalized by the jet exit velocity, are shown
in Fig. 6 for the varicose (case 3) and � apping (case 4) excitation
nozzle exit conditions.

In the potential core region for the varicose excitation case
(Fig. 6a) the convection speed in both the major and minor axis
planes is nearly identical with a value of 0:68U j . After the end of
the potential core there is a slight increase in convection speed in
the minor axis plane, whereas the major axis plane convectionspeed
decreases monotonically.

Kinzie27 calculated the convectionspeed of the large-scalestruc-
tures in an elliptic jet excited at a Strouhal number of 0.4. These
speeds were calculated by evaluating the cross spectra between
the excitation and a hot wire located at different axial locations
in the shear layer. The change in phase with axial location revealed
the wavelength of the structure from which the convection speed
could be determined given the excitation frequency.Kinzie27 notes,
however, that the uncertainty in his results are high due to the
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a)

b)
Fig. 6 Structure convection speed for cases 3 and 4.

signi� cant variation of phase with radial position. For varicose ex-
citation, downstream of the end of the potential core, Kinzie found
that the convection speed of the structures is 0:77U j .

Unlike the varicose excitation case, there is a signi� cant differ-
ence in the convection speed between the major and minor axes in
the potential core region for the � apping excitation case. The ma-
jor axis convection speed remains near 0:68U j , but the minor axis
speed is reduced to about 0:61U j . Like the varicose excitation case,
however, the convection speed in the minor axis does accelerate
to a peak speed near 0:7U j . Thus, it appears as though the major
axis plane structure speed is independent of the modal excitation.
The minor axis plane, on the other hand, shows some variation in
the potential core region with excitation mode. In the next section,
cross spectral data are presented that suggest that for the major axis
plane a varicose mode is the preferred mode, whereas for the minor
axis plane a � apping mode is the preferred mode. This is true for
both the � apping and varicose mode excitation cases. According
to the results of Morris and Bhat,8 the structure speed in a jet in a
varicose mode is faster than that of a � apping jet. Thus, consider-
ing the preferred mode for each axis plane, this is consistent with
the observationsof faster convectionspeeds in the major axis plane
compared to the minor axis plane (in the potential core region).

D. Jet Instability Modes
In Fig. 7 the phase difference and coherenceof the ½u signals on

bottom and top lip lines in the minor axis plane are shown for the
varicose excitation case. Recall that for a varicose excitation these
signalsshould be in phase. This appears as a straight line at µBT D 0
in the � gure. Also, the coherence between these two signals is 1.0.

Aside from a drop in coherencenear Sr D 0:1, there is not much
changeas the jetdevelopsbetweenthenozzleexitand1Deq .At 3Deq,
however, there is a 180-degphasedifferencebetween the two signals
at the low frequencies (below Sr D 0:2). The coherence has also
retained a high level in this region. As the � ow develops further, the
phase difference spreads to most of the frequency range; however,
the coherence is reduced, which reduces the validity of the phase
data. The phase shift across the minor axis plane is consistent with
the � appingmodeof the jet.Cross-spectralphaseandcoherencedata
in the major axis plane indicates that the major axis plane maintains
a varicose motion.26

The cross-spectra phase and coherence of ½u in the major axis
plane for the � apping excitation is shown in Fig. 8. For the � ap-
ping mode excitation, there are no velocity perturbations imposed
on the lip lines of the short dimension of the nozzle. As the jet de-
velops, however, ½u perturbations are generated and are in phase
between the top and bottom lip lines. This is consistentwith a vari-
cose motion. Cross-spectral phase and coherence data in the minor

Fig. 7 Cross-spectra phase and coherence of ½u between the top and
bottom lip lines of the minor axis plane for the varicose excitation case
(case 3). The number to the right of each phase graph indicates axial
location for it and the adjacent coherence graph.

Fig. 8 Cross-spectra phase and coherence of ½u between the top and
bottom lip lines of the major axis plane for the � apping excitation case
(case 4). The number to the right of each phase graph indicates axial
location for it and the adjacent coherence graph.
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axis plane indicate that the minor axis plane maintains a � apping
motion.26 Thus, independent of jet excitation, it appears as though
for the minor axis plane a � apping mode is the preferred mode and
for the major axis plane a varicose mode is the preferred mode.

It is dif� cult to obtain experimentalveri� cation of these jet insta-
bility observations from the experimental data. However, Kinzie27

was able to perform a modal decomposition of the acoustic � eld.
These results suggest that a varicose mode dominates the acoustic
� eld, although there is some � apping present. This might suggest
that for the experimental jet a varicose mode is preferred, but this
is not conclusive because there is no evidence that there is a direct
correlation between the modes of a jet and the acoustic modes in
the far � eld. In other studies of imperfectly expanded jets, there is
ample evidence that the presence of a shock cell structure in the jet
plume causes a severe � apping motion to occur in the minor axis
plane.37 – 39 This was found to a dependent on the strength of the
shocks in the jet plume.

The conclusionsdrawn in this section explain some of the obser-
vations made earlier. Aside from helping to interpret the structure
convection speed predictions discussed in the preceding section,
some of the results of the time-average data may be explained. In
particular, referring to Fig. 4, where the effects of mode excitation
on the centerline velocity distribution are shown, the velocity de-
cay rate between the different excitation modes is nearly identical.
This suggests similar mixing mechanisms. Recall also that for the
varicose excitation cases a shift of ¡2Deq is required to match the
potential core length of the experimental data. No such shift is re-
quired for the � apping excitation case. The extra 2Deq required by
the varicose simulation may be explained by the spatial develop-
ment region required to transition the varicose mode in the minor
axis plane to a � apping mode.

V. Conclusions
A model for the � ow leaving the nozzle of a supersonicjet is pre-

sented and used within a high-resolution� nite difference algorithm
for the solution of the full Navier–Stokes equations to predict the
effects of various experimentally observed exit � ow characteristics
on the development of an ideally expanded rectangular jet. These
characteristics include excitation amplitude, modal excitation, and
the possible existence of corner vortices.

Our results indicate that the in� uence of the excitationamplitude,
in the range investigated,is relatively small. This result is attributed
to tophat mean pro� les prescribed at the nozzle exit. The effect of
the nozzle cornervortices in our supersonicjet simulationshas been
found to differ from that of an experimentally studied subsonic jet.
Instead of anticipating axis switching, the corner vortices with the
sense speci� ed here delay axis switching by about 0:5Deq. Unlike
the subsonic jet thickness growth, which is dominated by vortex
dynamics, the supersonic jet thickness growth is dominated by the
mixing due to � ow instability. This mixing appears to be reduced
by the corner vortices, thus delaying the axis switch. Our results
also suggest that the major and minor axis planes have a preferred
instabilitymode. Independentof the excitation,the minor axis plane
exhibits a � apping motion, whereas for the major axis plane a vari-
cose motion is preferred.
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